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a b s t r a c t
A connected graph is total domination stable upon edge removal, if the removal of an
arbitrary edge does not change the total domination number. We determine the minimum
number of edges required for a total domination stable graph in terms of its order and total
domination number.
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1. Introduction
In this paper, we study total domination stable graphs upon edge removal. A total dominating set, abbreviated TDS, of a
graph G is a set S of vertices of G such that every vertex in G is adjacent to a vertex in S. Every graphwithout isolated vertices
has a TDS, since V (G) is such a set. The total domination number of G, denoted by γt(G), is the minimum cardinality of a TDS
of G. A TDS of G of cardinality γt(G) is called a γt(G)-set. Total domination in graphs is now well studied in graph theory.
The literature on this subject has been surveyed and detailed in the two books by Haynes et al. [2,3]. A recent survey of total
domination in graphs can be found in [5].
We say that a graph G is total domination edge stable, or γ−t -stable for short, if the removal of any edge of G does not
change the total domination number, that is, γt(G− e) = γt(G) for every edge e ∈ E(G). If γt(G) = k and G is γ−t -stable, we
say that G is kt-stable. The study of γ−t -stable graphs is introduced in [1]. Continuing the study in this paper, we establish
lower bounds on the number of edges necessary in a γ−t -stable graph. To aid in our investigation, we say that γt(G) = ∞ if
the graph G has an isolated vertex. Thus if we delete an edge e incident with a vertex of degree 1 in G, then γt(G− e) = ∞.
We note that removing an edge from a graph cannot decrease the total domination number. An edge e ∈ E(G) is a stable
edge of G if γt(G − e) = γt(G), while e is a critical edge of G if γt(G − e) > γt(G). Thus every edge in a γ−t -stable graph is a
stable edge. We denote the set of vertices of G contained in every γt(G)-set by At(G).
For notation and graph theory terminology, we in general follow [2]. Specifically, let G = (V , E) be a graph with vertex
set V of order n = |V | and edge set E of size m = |E|. For subsets X, Y ⊆ V , we denote the set of edges with one end in X
and the other end in Y by [X, Y ]. A cycle on n vertices is denoted by Cn and a path on n vertices by Pn. For a set S ⊆ V , the
subgraph induced by S is denoted by G[S]. We denote the degree of v in G by dG(v), or simply by d(v) if the graph G is clear
from the context. An end-vertex is a vertex of degree 1. The minimum degree among the vertices of G is denoted by δ(G). For
a subset X ⊆ V and a vertex v ∈ V , we define dX (v) to be the number of neighbors of v that belong to X .
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For graphs G and H , the Cartesian product GH of G and H is the graph with vertex set V (G)× V (H)where two vertices
(ui, vj) and (uh, vk) are adjacent if and only if either ui = uh and vjvk ∈ E(H) or vj = vk and uiuh ∈ E(G).
2. Main result
Our aim in this paper is to determine the minimum number of edges necessary in a connected γ−t -stable graph with n
vertices and total domination number γt . We shall prove:
Theorem 1. If G is a connected γ−t -stable graph of order n, size m, with total domination number γt and with minimum degree
δ ≥ 2, then
m ≥

1
2
((δ + 1)n− δγt) if γt is even
1
2
((δ + 1)n− δγt + 1) if γt is odd.
Further for every given integer δ ≥ 2 and every given integer γt ≥ 2, there exists a connected γ−t -stable graph that is δ-regular
of order n, size m and with total domination number γt that achieves the above lower bound.
Theorem 2. Let G be a connected γ−t -stable graph of order n, size m, and with total domination number γt . Then the following
hold.
(a) If γt is even, then m ≥ 3n/2− γt with equality if and only if G = Cn and n ≡ 0(mod 4).
(b) If γt is odd, then m ≥ (3n+ 1)/2− γt with equality if and only if G = Cn and n is odd.
2.1. Proof of Theorem 1
In this section, we present a proof of Theorem 1. We begin with the following result which gives a lower bound on the
size of a graph in terms of its order, total domination number and minimum degree.
Proposition 3. If G is a graph of order n, size m, with total domination number γt and with minimum degree δ ≥ 2, then
m ≥

1
2
((δ + 1)n− δγt) if γt is even
1
2
((δ + 1)n− δγt + 1) if γt is odd.
Proof. Let G = (V , E). Let A be a γt(G)-set and B = V \ A. For i = 1, . . . , δ − 1, let Bi consist of all vertices in B that have
exactly i neighbors in A, and let Bδ consist of all vertices in B that have at least δ neighbors in A. Hence if v ∈ Bi where
1 ≤ i ≤ δ − 1, then dA(v) = i while if v ∈ Bδ , then dA(v) ≥ δ. For i = 1, 2, . . . , δ, let |Bi| = bi. Since A is a TDS in
G, B = (B1, B2, . . . , Bδ) is a weak partition of B (where by a weak partition of a set we mean a partition of the set in which
some of the subsets may be empty). Suppose that γt is even. Since every vertex in A is adjacent to at least one other vertex
of A, we have that G[A] contains at least |A|/2 edges. Counting the edges in G, we have that
m = |[A, A]| + |[A, B]| + |[B, B]|
≥ 1
2
|A| +
δ−
i=1
ibi + 12
δ−
i=1
(δ − i)bi
= 1
2
|A| + 1
2
δ−
i=1
(δ + i)bi
≥ 1
2
|A| +

δ + 1
2
 δ−
i=1
bi
= 1
2
|A| +

δ + 1
2

(n− |A|)
= 1
2
((δ + 1)n− δ|A|) .
Since |A| = γt , we have thatm ≥ 12 ((δ + 1)n− δγt), as desired. If γt is odd, then G[A] contains at least (|A|+1)/2 edges.
An identical counting argument as above now shows thatm ≥ 12 ((δ + 1)n− δγt + 1). 
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Fig. 1. The graph G3,6 .
The lower bound in Theorem 1 is an immediate consequence of Proposition 3. We shall need the following two
observations.
Observation 4 ([4]). If G ∈ {Cn, Pn} for n ≥ 3, then γt(G) = ⌊n/2⌋ + ⌈n/4⌉ − ⌊n/4⌋.
Observation 5 ([1]). Let G be a graph. Then the following properties hold.
(a) If G is a γ−t -stable graph, then δ(G) ≥ 2.
(b) If e is a stable edge in G, then every γt(G− e)-set is a γt(G)-set.
(c) Every cycle is a γ−t -stable graph.
(d) If G has at least three pairwise disjoint γt(G)-sets, then G is a γ−t -stable graph.
(e) If G has two pairwise disjoint γt(G)-sets A and B, then for any critical edge e ∈ E(G), e ∈ [A, B].
We are now in a position to discuss the realizability of the lower bounds established in Theorem 1. Let δ ≥ 2 and γt ≥ 2
be fixed, given integers.
Suppose δ = 2 and γt is even. Then, γt = 2k for some integer k ≥ 1, and we let G = C4k. Then, G is a δ-regular graph of
order n = 4k and size m = 4k. By Observation 4, γt(G) = γt , and so m = 12 ((δ + 1)n− δγt). Further, by Observation 5(c),
G is a γ−t -stable graph.
Suppose δ = 2 and γt is odd. Then, γt = 2k + 1 for some integer k ≥ 1, and we let G = C4k+1. Then, G is a δ-regular
graph of order n = 4k+ 1 and sizem = 4k+ 1. By Observation 4, γt(G) = γt , and som = 12 ((δ + 1)n− δγt + 1). Further,
by Observation 5(c), G is a γ−t -stable graph.
Suppose δ ≥ 3 and γt is even. Then γt = 2k for some integer k ≥ 1. For 1 ≤ i ≤ k, let Gi = P2Kδ be the Cartesian
product of P2 and Kδ . Let V (Gi) = Ai ∪ Bi where Ai = {ai,1, ai,2, . . . , ai,δ}, Bi = {bi,1, bi,2, . . . , bi,δ}, Gi[Ai] = Gi[Bi] = Kδ
and where ai,jbi,j ∈ E(Gi) for j = 1, 2, . . . , δ. Let G = Gδ,γt be the graph obtained from the disjoint union of the graphs
Gi − ai,1ai,δ, 1 ≤ i ≤ k, by adding the k edges {a1,1a2,δ, a2,1a3,δ, . . . , ak−1,1ak,δ, ak,1a1,δ}. Thus,
G = Gδ,γt =

k
i=1
(Gi − ai,1ai,δ)

∪

k
i=1
{ai,1ai+1(mod k),δ}

.
The graph G3,6 is illustrated Fig. 1.
Then, G is a δ-regular graph of order n = 2kδ and size m = kδ2. Since G is δ-regular, γt(G) ≥ n/δ = 2k. The set
∪ki=1{ai,1, bi,1} is a TDS for G, and so γt(G) ≤ 2k. Consequently, γt(G) = 2k = γt , and so m = 12 ((δ + 1)n− δγt). Let
D1 = ∪ki=1{ai,1, bi,1}, D2 = ∪ki=1{ai,2, bi,2} and Dδ = ∪ki=1{ai,δ, bi,δ}. Since the sets D1,D2 and Dδ are vertex disjoint γt(G)-
sets, the graph G is γ−t -stable by Observation 5(d).
If δ = 3 and γt = 3, we take G to be the circulant graph G8 = C8⟨1, 4⟩ (shown in Fig. 2), i.e., the graph with vertex set
{v0, v1, . . . , v7} and edge set {vivi+j(mod 8) | i ∈ {0, 1, . . . , 7} and j ∈ {1, 4}}. Then, G is a 3-regular graph of order n = 8, size
m = 12 with γt(G) = 3, and som = 12 ((δ + 1)n− δγt + 1). Since any three consecutive vertices on the cycle v0v1 . . . v7v0
totally dominate V (G), the graph G is γ−t -stable.
Suppose that δ = 3 and γt ≥ 5 is odd. Thus γt = 2k + 3 for some integer k ≥ 1. Let G = F3,γt be the graph obtained
from the disjoint union of the graph G3,γt−3 = G3,2k and the circulant graph G8 (in Fig. 2) by deleting the edges ak,1a1,3 and
v0v4 and adding the edges v0a1,3 and v4ak,1. Then, G is a 3-regular graph of order n = n(G3,2k) + n(G8) = 6k + 8 and size
m = 3(3k + 4). Since G is 3-regular, γt(G) ≥ ⌈n/3⌉ = 2k + 3. Let D1,D2 and D3 be the three vertex disjoint γt(G3,2k)-sets
defined earlier. Since the set {v1, v2, v3}∪D2 is a TDS for G, we have γt(G) ≤ 2k+3. Consequently, γt(G) = 2k+3 = γt , and
so m = 12 ((δ + 1)n− δγt + 1). It remains to show that G is γ−t -stable. Assume, to the contrary, that G contains a critical
edge e. We now consider the three γt(G)-sets A = D1 ∪ {v0, v1, v2}, B = D3 ∪ {v4, v5, v6} and C = D2 ∪ {v5, v6, v7}. Since
the sets A and B are vertex disjoint, it follows by Observation 5(e) that e ∈ [A, B]. If either endpoint of e is in D1 ∪ D3,
then C is a TDS for G − e. If both the endpoints of e are in {v0, v1, v2, v4, v5, v6}, then either e = v1v5 or e = v2v6.
If e = v1v5, then D3 ∪ {v2, v3, v4} is a TDS for G − e. If e = v2v6, then D3 ∪ {v3, v4, v5} is a TDS for G − e. Hence,
γt(G− e) ≤ γt(G3,2k)+ γt(G8) = 2k+ 3 = γt(G), contradicting our assumption that γt(G− e) > γt(G).
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Fig. 2. The circulant graph G8 = C8⟨1, 4⟩.
Fig. 3. The graph H5,3 .
Suppose δ ≥ 4 and γt = 3. Construct the graph G = Hδ,3 as follows. Begin with the disjoint union of a copy of P3 with
central vertex y and end-vertices x and z, two copies of Kδ−1 labeled X and Z and a copy of Kδ−2 labeled Y . Label the vertices
of X as {x1, . . . , xδ−1}, the vertices of Y as {y1, . . . , yδ−2}, and the vertices of Z as {z1, . . . , zδ−1}. Add edges from x to every
vertex in X , from y to every vertex in Y and from z to every vertex in Z . For 1 ≤ i ≤ δ − 2, add the edge xiyi and the edge
yizi. Finally, add the edge xδ−1zδ−1. The graph H5,3 is illustrated in Fig. 3.
Then, G is a δ-regular graph of order n = 3δ − 1 and size m = δ(3δ − 1)/2. Since G is δ-regular, γt(G) ≥ ⌈n/δ⌉ = 3.
However {x, y, z} is a TDS for G, implying that γt(G) = 3 = γt , and so m = 12 ((δ + 1)n− δγt + 1). Since the sets
{x, y, z}, {x1, y1, z1} and {x2, y2, z2} are vertex disjoint γt(G)-sets, the graph G is γ−t -stable by Observation 5(d).
Suppose, finally, that δ ≥ 4 and γt ≥ 5 is odd. Then, γt = 2k + 3 for some integer k ≥ 1. Let G = Lδ,γt be the graph
obtained from the disjoint union of the graph Gδ,γt−3 = Gδ,2k and the graph Hδ,3 by deleting the edges ak,1a1,δ and x1x2 and
adding the two edges ak,1x2 and a1,δx1. Then, G is a δ-regular graph of order n = n(Gδ,2k)+ n(Hδ,3) = 2δk+ 3δ− 1 and size
m = kδ2+(3δ2−δ)/2. Since G is δ-regular, γt(G) ≥ ⌈n/δ⌉ = 2k+3. LetD1,D2 andDδ be the three vertex disjoint γt(Gδ,2k)-
sets defined earlier. Since the set {x, y, z} ∪ D2 is a TDS for G, we have γt(G) ≤ 2k+ 3. Consequently, γt(G) = 2k+ 3 = γt ,
and so m = 12 ((δ + 1)n− δγt + 1). Since the sets D1 ∪ {x1, y1, z1},D2 ∪ {x, y, z} and Dδ ∪ {x2, y2, z2} are vertex disjoint
γt(G)-sets, the graph G is γ−t -stable by Observation 5(d). 
2.2. Proof of Theorem 2
In this section, we present a proof of Theorem 2. We first consider the case when γt is even. Recall that At(G) denotes the
set of vertices in a graph G contained in every γt(G)-set.
Proposition 6. If G is a connected γ−t -stable graph of order n, size m, and with even total domination number γt , then
m ≥ 3n/2− γt with equality if and only if G = Cn where n ≡ 0(mod 4).
Proof. Let G = (V , E) be a connected γ−t -stable graph of order n, size m, and with even total domination number γt .
By Observation 5(a), δ(G) ≥ 2. Thus applying Theorem 1, we have thatm ≥ 3n/2− γt , which establishes the desired lower
bound. It remains for us to characterize theγ−t -stable graphs achieving equality in the bound. IfG = Cnwheren ≡ 0(mod 4),
then, by Observation 4, γt = n/2 and so m = n = 3n/2 − γt . Further, by Observation 5(c), G is a γ−t -stable graph. This
establishes the sufficiency.
Conversely, suppose thatm = 3n/2−γt . Sincem is an integer, we note that n is even. We show that G is a cycle. Assume,
to the contrary, that ∆(G) ≥ 3. We shall adopt the notation introduced in the proof of Proposition 3 where in our case
δ = 2. In particular, A is a γt(G)-set and B = V \ A, while B1 is the set of vertices in B that have exactly one neighbor in A
and B2 = B \ B1 is the set of vertices in B that have at least two neighbors in A. Further, |B1| = b1 and |B2| = b2. Let |A| = a
and |B| = b, and so b = n− a and b = b1 + b2. We note that in our case when δ = 2, the inequality chain presented in the
proof of Proposition 3 simplifies to the following.
m ≥ 1
2
a+ (b1 + 2b2)+ 12b1 ≥
1
2
(a+ 3b) = 1
2
(3n− 2a) = 1
2
(3n− 2γt). (1)
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Since m = 3n/2 − γt , we must have equality throughout the above inequality chain (1). This implies that G[A] consists
of |A|/2 disjoint copies of P2. Further, B = B1 and each vertex in B has degree 2 in G and is adjacent to one vertex in A and to
one vertex in B. Thus, G[B] consists of |B|/2 disjoint copies of P2 and each vertex in B is adjacent to exactly one vertex in A.
These properties hold for every γt(G)-set A and for the set B = V \ A. Hence every vertex of degree greater than 2 in Gmust
belong to the set At(G).
Let v be a vertex of maximum degree in G. By assumption, dG(v) ≥ 3, and so v ∈ A. Let u be the neighbor of v in A. Let
x ∈ N(u)\{v}. Then, x ∈ B. Let y be the neighbor of x in B, and letw be the neighbor of y in A. Assume that v ≠ w. Since G is a
γ−t -stable graph, every edge of G is a stable edge. In particular,wy is a stable edge. Let S be a γt(G−wy)-set. We note that in
the graphG−wy, we have that uxy is a path of length 2with d(y) = 1 and d(x) = 2. Thus, x ∈ S in order to totally dominate y.
If y ∈ S, thenwe can simply replace y in S by the vertex u. Hencewemay assume that {u, x} ⊆ S. By Observation 5(b), the set
S is a γt(G)-set. Note that dG(v) ≥ 3. As seen earlier, this implies that v is in every possible γt(G)-set. Hence v ∈ At(G) ⊆ S,
and so G[S] contains a path P3 induced by {u, v, x}. Note that if v = w, then the same argument implies that {w, u, x} ⊆ S
and G[S] contains the P3 path induced by {w, u, x}. Either scenario contradicts our earlier observation that every γt(G)-set
induces disjoint copies of P2. We, deduce, therefore, that G = Cn. As observed earlier, n is even. If n ≡ 2(mod 4), then by
Observation 4 we note thatm = 3n/2− γt + 1, a contradiction. Hence, n ≡ 0(mod 4), as desired. 
Next we consider the case when γt is odd.
Proposition 7. If G is a connected γ−t -stable graph of order n, size m, and with odd total domination number γt , then m ≥
(3n+ 1)/2− γt with equality if and only if G = Cn where n is odd.
Proof. Let G = (V , E) be a connected γ−t -stable graph of order n, size m, and with odd total domination number γt . By
Observation 5(a), δ(G) ≥ 2. Thus applying Theorem 1, we have that m ≥ (3n + 1)/2 − γt , which establishes the desired
lower bound. It remains for us to characterize the γ−t -stable graphs achieving equality in the bound. If G = Cn where n is
odd, then by Observation 4 we have that m = (3n + 1)/2 − γt . Further by Observation 5(c), G is a γ−t -stable graph. This
establishes the sufficiency.
Conversely, suppose that m = (3n + 1)/2 − γt . Since m is an integer, we note that n is odd. We show that G is a cycle.
Assume, to the contrary, that∆(G) ≥ 3. Once again, we follow the notation introduced in the proof of Proposition 3 where
in our case δ = 2. Since γt is odd, we note that G[A] contains at least (a+1)/2 edges. As shown in the proof of Proposition 3,
we have the following inequality chain.
m ≥ 1
2
(a+ 1)+ (b1 + 2b2)+ 12b1 ≥
1
2
(a+ 3b+ 1) = 1
2
(3n− 2a+ 1) = 1
2
(3n+ 1− 2γt). (2)
Since m = (3n + 1)/2 − γt , we must have equality throughout the inequality chain (2). In particular, G[A] contains
(a + 1)/2 edges, and so G[A] =  a−32  K2 ∪ P3. Further, B = B1 and each vertex in B has degree 2 in G and is adjacent to
one vertex in A and to one vertex in B. Thus, G[B] = b2K2 and each vertex in B is adjacent to exactly one vertex in A. These
properties hold for every γt(G)-set A and for the set B = V \A. Hence every vertex of degree greater than 2 in Gmust belong
to the set At(G).
Let v be a vertex of maximum degree in G. By assumption, dG(v) ≥ 3, and so v ∈ A. Recall that every vertex in B has
degree 2 in G and has one neighbor in A and the other in B. Let x be a neighbor of v in B, and let y be the neighbor of x in B. Let
z be the neighbor of y in A. Assume that v ≠ z. Since G is a γ−t -stable graph, every edge of G is a stable edge. In particular,
vx is a stable edge. Let S be a γt(G − vx)-set. We note that in the graph G − vx, we have that xyz is a path of length 2 with
d(x) = 1 and d(y) = 2. Thus, y ∈ S in order to totally dominate x. If x ∈ S, then we can simply replace x in S by the vertex z.
Hence wemay assume that {y, z} ⊆ S. By Observation 5(b), the set S is a γt(G)-set. Note that dG(v) ≥ 3. As seen earlier, this
implies that v is in every possible γt(G)-set. Hence v ∈ At(G) ⊆ S, and so both neighbors of x belong to S and x ∉ S. This
contradicts our earlier observation that for every γt(G)-set S, each vertex not in S has degree 2 in G and has one neighbor
in S and the other in V \ S. A similar argument follows if v = z. We deduce therefore, that G = Cn. As observed earlier,
n is odd. 
Theorem 2 is an immediate consequence of Propositions 6 and 7.
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